This paper studies the spectral problem of a class of fractional differential equations from nonlocal continuum mechanics. By applying the spectral theory of compact self-adjoint operators in Hilbert spaces, we show that the spectrum of this problem consists of only countable real eigenvalues with finite multiplicity and the corresponding eigenfunctions form a complete orthogonal system. Furthermore, we obtain the lower bound of the eigenvalues. MSC: Primary 26A33; 34L15; secondary 34B10; 47E05
Introduction
The present paper studies the spectral problem associated to the fractional differential equation (FDE) with left and right fractional derivatives Recently, fractional differential equations have drawn much attention. It is caused both by the development of fractional calculus itself and by the applications in various fields of science and engineering such as control, electrochemistry, electromagnetic, porous media, and viscoelasticity. For details, see [-] .
Fractional differential equations with both left and right fractional derivatives are also applicable to many fields, such as the extremal problems of fractional Euler-Lagrange equations [, ] and the optimal control theory for functionals involving fractional derivatives [] . For the study of FDEs with left and right fractional derivatives, we mention the papers [-].
Sturm-Liouville Theory was the basis for the development of spectral theory of differential operators, which was profoundly influenced by the emergence of quantum mechanics in the early years of the twentieth century [] . In the last few years, many problems in science and engineering can be modeled accurately in the form of fractional calculus such ©2014 Li and Qi; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.advancesindifferenceequations.com/content/2014/1/85 as multi-scale problems that span a wide range of time or length scales. In many situations, it need to consider the spectral problems of FDEs in order to tackle these practical problems. Meanwhile, studying the spectral problems of FDEs is also very important for enriching and improving the theories of FDEs. The spectral problems of FDEs have been announced earlier [-], but they have not been thoroughly studied either qualitatively or quantitatively. In addition, numerical computing of the spectral problems of FDEs has attracted much research attention (see, e.g., [-] ). However, these researches do not examine the common properties of the eigenvalues and eigenfunctions. Up till now, there are only a few papers on this topic (see [-] 
They demonstrated that the eigenvalues of the above two fractional eigenvalue problems are real, and the eigenfunctions corresponding to different eigenvalues are orthogonal. 
where u(x) is the axial displacement of the bar at x, f (x) is the longitudinal force per unit volume, E is Young's modulus, D α + and D α L-are the left and right Riemann-Liouville fractional derivatives of order α ( < α < ), respectively, and κ α is a material constant. In a recent work, Qi and Chen [] studied analytically the eigenvalue problem of order α ∈ (, ) associated to the equation (.). They also proposed that the spectral problem associated to (.) with  < α <  is more interesting. The reason is that (.) with  < α <  can overcome some mechanical inconsistencies arising when the order of fractional derivative is in the range (, ). Therefore, this paper will focus on the spectral problem which was proposed in [] .
In this study, by using the spectral theory of self-adjoint compact operators in Hilbert spaces, we prove that the spectrum of the spectral problem associated to (.) with  < α < / consists of only countable real eigenvalues with finite multiplicity and the orthogonal completeness of the corresponding eigenfunction system in the Hilbert spaces. Furthermore, we obtain the lower bound of the eigenvalues.
The rest of the paper is organized as follows. In Section , we give some preliminary knowledge for fractional derivatives and the spectral theory of Sturm-Liouville problems that will be needed to develop this work. In Section , we obtain the main results of this paper. http://www.advancesindifferenceequations.com/content/2014/1/85
Preliminaries

Fractional derivatives
We will use the following properties of fractional integrals and derivatives which can be found in [] .
The left and right Riemann-Liouville integrals of order α are defined by
respectively, where denotes the Euler gamma function.
The left and right RiemannLiouville derivatives of order α are defined by (when they exist)
respectively. In particular, when  < α < , we have 
Eigenvalue problems for second order differential equations
This subsection collects some known results from the spectral theory of second order differential equations with a view on the aim of this paper. Consider the regular SturmLiouville eigenvalue problem τ y := -y + qy = λy on (, ) (.) subject to Dirichlet boundary conditions
where q ∈ L(, ) is a real-valued function. It is known that there exist countable simple real eigenvalues satisfying 
 is the adjoint of T  . For details of these definitions, the reader is referred to [, ]. If  is not an eigenvalue of T  , then there exists a Green function G(x, t) defined by
such that for f ∈ L  , y is a solution of T  y = f if and only if
where u, v are the solutions of τ y =  such that
We also call the function G the Green function associated to the operator T  . http://www.advancesindifferenceequations.com/content/2014/1/85
The fractional operator
In this section, we will prove that the spectral problem of (.) with Dirichlet boundary value conditions has only countable real eigenvalues with finite multiplicity. Consider the spectral problem 
Throughout this paper we always assume that q ∈ L  (, ) and  < α < /.
The next lemma reveals the rationality of  < α < /. 
Lemma . If q ∈ L  and  < α < , then T is a linear operator from D(T) to L  if and only
Using the Cauchy-Schwarz inequality and integrating by parts, we have
Here we have used the fact that 
By the arbitrariness of y, we can choose y ∈ D(T) such that y () =  and y () = . Then by (.), we have x -α ∈ L  , which implies that  < α < /.
Lemma . T is symmetric for
Considering the symmetry of T  , it suffices to prove that
Here we have used f () =  = y() and exchanged the order of integration. Similarly, we can prove that
and hence T is symmetric.
We will use the following result to prove the self-adjointness of T. 
In order to apply Lemma ., we first prepare three lemmas.
f can be rewritten as the integral equation
and u(x), v(x) are the solutions of T
Proof By the definition of λ  and λ  < λ  , we know that  is not an eigenvalue of T  -λ  . Thus it follows from (.) that y is a solution of (T -λ  )y = f if and only if
where G is the Green function associated to
where K(x, t) is defined as (.). Therefore
Remark  The details of the computation of (.) are presented in the appendix.
Proof
Step . We prove that A combination of (.) and (.) gives (.).
Step . We prove that if |μ| < ( -α)/, then there exists λ  < λ  such that for y ∈ D(T), (T -λ  )y, y ≥ y  .
Let Q(x) = 
